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Verification and Validation of Time-Domain Impedance
Boundary Condition in Lined Ducts

Shi Zheng* and Mei Zhuang"
Michigan State University, East Lansing, Michigan 48824

A computational-aeroacoustics (CAA) code in the time domain has been developed for duct acoustics problems.
A time-domain broadband impedance boundary condition is implemented in the code to simulate the acoustic
liner. To verify the boundary condition in a duct environment, the CAA code is used to solve a semi-infinite
two-dimensional duct problem with an acoustic liner for cases both with and without a sheared mean flow. The
results from the numerical prediction tool agree excellently with the analytic solutions. In addition, the CAA code
is validated by the experimental data from the NASA Langley Research Center flow impedance tube facility. It
predicts accurately both the amplitude and the phase of the sound propagation from the NASA experiment. In
both the verification and the validation problems, the no-slip condition is assumed for the mean flow to avoid the
controversy over the condition of particle displacement continuity and the condition of particle velocity continuity
and also to ensure the well-posedness of a time-domain broadband impedance boundary condition.
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constant

velocity scale, 344 m/s

frequency

duct height

imaginary part

x and y components of wave number
length scale, 1 m

mean flow Mach number in the x direction
acoustic pressure

time-harmonic acoustic pressure

specific resistance

parameters of the three-parameter
impedance model

real part

time

acoustic velocities in the x and y directions,
respectively

acoustic normal velocity (positive when pointing
into the treatment from the fluid side)
time-harmonic acoustic normal velocity
(positive when pointing into the treatment
from the fluid side)

= specific reactance

Cartesian coordinates

specific impedance

ratio of specific heats

time step

grid sizes in the x and y directions, respectively
acoustic density

density scale, 1.29 kg/m3

absorption coefficient for the perfectly matched
layers boundary condition

rg==s
.
-

| | | I | A V[

gﬂkﬁ"@ft T~

X 1, Xy =

-
¢
no

~
1l

DO BNNK X
}<N
>
~

| O | R 1

Received 20 December 2003; revision received 9 June 2004; accepted
for publication 30 August 2004. Copyright © 2004 by Shi Zheng and Mei
Zhuang. Published by the American Institute of Aeronautics and Astronau-
tics, Inc., with permission. Copies of this paper may be made for personal
or internal use, on condition that the copier pay the $10.00 per-copy fee to
the Copyright Clearance Center, Inc., 222 Rosewood Drive, Danvers, MA
01923; include the code 0001-1452/05 $10.00 in correspondence with the
CCC.

*Graduate Research Assistant, Department of Mechanical Engineering.
Student Member ATIAA.

T Associate Professor, Department of Mechanical
zhuangm @egr.msu.edu. Senior Member AIAA.

Engineering;

306

®,U,V,P = complex-numbered y dependence
of p, u, v, and p
@ = phase
w = angular frequency, also wave number

for the nondimensional case

Subscripts and Superscripts

in =
/
Vi

incoming wave
first derivative with respect to y
second derivative with respect to y

I

OISE, as an environmental issue, has a major impact on both

the conceptual and detailed design of the modern aircraft en-
gine. Because of the large bypass ratios in modern aircraft engines,
fan noise is becoming an increasingly important noise source dur-
ing the critical takeoff and landing phases. Novel acoustic liners
designed to attenuate such noise are therefore vital for the noise
reduction of modern aircraft turbofan engines. These designs usu-
ally rely on extensive experimental tests, which are very expensive
and time consuming. To achieve optimal acoustic liner designs, it
is necessary to have accurate impedance models and aeroacoustic
prediction tools so that acoustic fields inside and radiated from both
inlet and exhaust of turbofan engines can be predicted accurately and
efficiently. For this reason, there have been ongoing research activ-
ities for the development of numerical noise prediction systems'~'#
and impedance boundary conditions.!>~2*

To take advantages of the recent development of computational
aeroacoustics (CAA), time-domain simulations, which require time-
domain impedance boundary conditions in predicting noise gener-
ation and propagation in duct acoustics, have been exploited in the
past few years. Because the liner impedance is conventionally de-
fined in the frequency domain, such information must be properly
converted into the time domain to serve as a well-posed bound-
ary condition for the governing equations. Tam and Auriault devel-
oped their time-domain single-frequency and broadband impedance
boundary conditions for the three-parameter impedance model of
the Helmholtz resonator type, by implicitly using the derivative
properties of the Fourier transform.'” Ozyoriik and Long borrowed
the idea from the computational electromagnetics community and
proposed their time-domain surface acoustic impedance condition
based on the z transform.'® Fung and Ju applied the inverse Fourier
transform to the reflection coefficient instead of the corresponding
impedance, resulting in a stable time-domain impedance boundary
condition.!%-2
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Up to now, Ozyoriik et al.,”! Ozyériik and Long,”? and Ju and
Fung?® have applied their own time-domain impedance boundary
conditions to the NASA Langley flow impedance tube, for which
experimental data are available. Favorable predictions of the sound
pressure level (SPL) were reported for the both groups, but predic-
tions of the phase information have not been published. Tam and
Auriault have tested their time-domain impedance boundary condi-
tion for one-dimensional problem.'” In our previous work,?* the ac-
curacy and effectiveness of their broadband time-domain impedance
boundary condition have been verified for a three-dimensional
acoustic problem with an acoustically treated boundary. Because
of the difference in geometry between a duct and an open space,
which results in the concept of modes for a duct configuration, it is
necessary to further verify and validate the time-domain broadband
impedance boundary condition in a duct configuration before a fur-
ther development of a noise prediction tool for turbofan engine inlet
ducts and turbomachinary using time-domain CAA methods. This
validation is the primary objective of the current study.

In Sec. II, a semi-infinite impedance duct problem is proposed,
and its analytical solution is given. In addition the numerical scheme
is introduced along with the time-domain broadband impedance
boundary condition and other relevant types of boundary conditions.
The numerical results are compared with those of the analytical
solution at the end of the section. In Sec. III, the configuration of
the NASA Langley flow impedance tube facility is introduced, for
which the numerical method is again implemented, and the results
are compared with the experimental data. The effects of the exit
boundary condition are also discussed. The conclusions are drawn
in Sec. IV.

Unless otherwise stated, variables used in this paper are dimen-
sionless with L/cy as the timescale, poc(z) as the pressure scale,
and pyco as the impedance scale. The harmonic time dependence
exp(iwt) is assumed. Under this convention, the impedance is
Z=R+iX.

II. Verification with Analytical Solution

A. Verification Problem and Its Analytical Solution

To verify the time-domain impedance boundary condition, we
consider a semi-infinite two-dimensional duct with a hard upper
wall and an acoustically treated lower wall. The lower wall is char-
acterized by its frequency-dependent impedance defined as

Z(w) = p(@) /(@) )

The mean flow velocity inside the duct is parallel in the x direction,
thatis, M, = M (y) and M, = 0. The mean flow density and pressure
are constant and equal to py and pocé /v, respectively. Such a duct
configuration is shown in Fig. 1. The orientation of the coordinate
system is as shown in the figure, and its origin is at the lower left
corner of the duct.

This problem is governed by the two-dimensional linearized Euler
equations (LEE) with a parallel mean flow in the x direction:

o A B L Du=0 )
ou  JOu gouw oo
at ax ay

Incoming wave y

U —

[ hard wall
E=m==m acoustic treatment

¥
Y
¥
B
b
B
B
3

Fig. 1 Semi-infinite impedance duct.

where
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When the solution to the LEE is assumed to have the form

@(y)

u= l‘ig ; expli (@ — kex)] 3)

P(y)

Eq. (2) can be reduced to a second-order ordinary differential equa-
tion for P(y) only:

Pt 2 M ()P + {0~ MK ~ K2} P =0 (4)
o MOk, ok

At the upper boundary of the duct, the boundary condition is given
as the hard wall boundary condition

P'(h) =0 (&)

To give the boundary condition at the acoustic treatment, we have
to face a controversy as to whether the condition of particle dis-
placement continuity (PDC) or the condition of particle velocity
continuity (PVC) is to be used. When PDC or PVC is satisfied, the
boundary condition at the lower boundary at y =0 is

ZwP +ilw — MOk P =0 6)
or
ZP +ilw— M@O)k,)P =0 0

It is not an intention of this paper to solve such a controversy. How-
ever, if no-slip condition is assumed, for example, the mean flow
is zero, at the acoustic treatment, it is easy to verify that Eq. (6)
is the same as Eq. (7), and thus the controversy is avoided. On the
other hand, if slip condition is assumed instead, the boundary con-
dition (6) or its time-domain equivalents will lead to an unstable
solution and thus is ill posed. Any time-domain solution with such a
boundary condition is prone to stability problems.!”-?> Although the
stability analysis was done in a semi-infinite domain, our numerical
results show stability problems even in a duct configuration. For
these reasons, the no-slip condition is assumed in the current study.
For such a case, both Egs. (6) and (7) are reduced to

ZP' +iwP =0 ®)

Equations (4), (5), and (8) define an eigenvalue problem with
k. being the eigenvalue. For a general sheared mean flow profile
M (y), the problem is not analytically solvable, and thus numerical
procedure must be employed. For the zero mean flow case, the
solution (for the right propagating wave) can be given as

P(y) = Ccoslky(h — y)] (&)

where constant C is resulted from solving the eigenvalue problem;
ky is determined by solving the following transcendental equation:

Zky tan(kyh) — i = 0 (10)
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with

k= Jo? — K2 (an

The eigenvalue problem has a series of eigenvalues k., each
corresponding to a mode allowed in such a duct configuration.
We have calculated the least attenuated mode allowed in the con-
figuration shown in Fig. 1 with duct width & =0.0508, test fre-
quency 2000L/cy, and specific impedance Z =4.994-0.25; for
the treatment. For the zero mean flow case, k, =36.2 — 1.94i,
ky,=9.1347.67i, and P(y) is given by Eq. (9). For the case with a
sheared mean flow M (y) =1.2(y/h)(1 — y/ h) of centerline Mach
number M (h/2) =0.3, k, =30.0 — 1.36i, and P (y) is obtained by
numerically solving Egs. (4), (5), and (8). These two cases will serve
as test cases to verify our numerical methods in Sec. II.C.

Once P(y) is known, the solution to the LEE in Eq. (2) can be
determined by using Eq. (3) and the following equation:

kUG +iV'(y)

)= T Mk
_ 5 B M'(y) ,
YO = oo Y " o—mome Y
l !
V(y) = w—T(y)kxP ) (12)

When presenting the calculated results later in Sec. II.C, we will
use the SPL(x) and the phase relative to point at (0, 4) along the

upper wall. From Eq. (3),
SPL(x) — SPL(0) = 20(log,, ¢)Im(k,)x (13)

where the sound pressure level at the inlet SPL(0) is determined by

the reference pressure. The phase relative to the phase at point (0, /)
is

@(x) = —Re(ky)x (14)
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B. Methodology of the Numerical Implementation
1. Inlet and Exit Boundary Conditions

When we numerically solve the semi-infinite impedance duct
problem, the computational domain can only be a segment of the
duct, starting at x =0 and ending at some x > 0. To simulate the
infinite extension to the right of the duct, it is required that all of
the outgoing waves leave the computational domain without being
reflected at the artificial duct exit. The same requirement applies
for the duct inlet at x =0, and, additionally, the incoming wave
in Eq. (3) should be specified. For these purposes, we implement
the perfectly matched layers (PML) boundary conditions in unsplit

physical variables? in vertical x layers (PML regions) left to the
inlet and right to the exit:

ou’ ou’ ou’ aq
A B Du +o,B—2
o + 0% + 3y +Du +o By
;o oaM(©)
+ou + T2 Mz(y)Au/ = (15)

where 4’ =u — u;,, with u;, being the incoming wave specified in
Eq. (3), for the inlet boundary condition, and #’ = u for the outlet
boundary condition. And ¢ is an auxiliary variable and is defined by
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Fig. 4 Configuration of the NASA Langley flow impedance tube.
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Fig. 2 Comparison of the numerical solution with the analytical solution for the least attenuated mode of the semi-infinite duct problem with a zero
mean flow: a) sound pressure level along the hard wall and b) phase along the hard wall.
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Fig. 3 Comparison of the numerical solution with the analytical solution for the least attenuated mode of the semi-infinite duct problem with a
sheared mean flow M(y) = 1.2(y/h)(1—y/h): a) sound pressure level along the hard wall and b) phase along the hard wall.
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dq/dt =u'; o, spatially varies and takes the same form as in Ref. 26.
At the outer boundaries of the PML regions, a characteristics-based
boundary condition is applied to further improve the quality of the
absorbing boundary conditions.

We need to point out that in Ref. 26 the PML boundary condition
is proposed for a uniform mean flow, and its well posedness is only
proved in the same context. In spite of this, our numerical solution
as seen later shows the success of the boundary condition for a
nonuniform flow.

2. Impedance Boundary Condition

At the acoustically treated wall, the broadband time-domain
impedance boundary condition proposed by Tam and Auriault'’
is applied:

Bp 811,1 azvn
E—RO ot _X—]vll+X1 8[2 (16)
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where Ry, X_;, and X are related to the impedance by R(w) = Ry
and X (w)=X_|/o+ X|w.

Equation (16) is valid only when the no-slip condition is satisfied
at the acoustic treatment. For the slip condition and also PDC to be
satisfied, a time-domain impedance boundary condition similar to
Eq. (16) can be found to be

ap ap v, 9%v,

M R x4 X
ot ax 0% et X150

a7

However this boundary condition has been found to be unstable both
analytically and by our numerical experiments, a result supporting
the analysis in Refs. 17 and 25.

The stability analysis in Refs. 17 and 25 shows that time-domain
impedance boundary conditions are unstable with the combination
of PDC and slip condition. This limitation is not unique to the current
time-domain formulation in Eq. (17). Itis a challenge to be overcome
for any time-domain impedance boundary conditions. However, we
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Fig. 5 Comparison of the numerical solution with the experimental result at test frequencies with a zero mean flow: a) SPL along the upper (hard)

wall and b) phase along the upper (hard) wall.



310

ZHENG AND ZHUANG
. PML
s Specified impedance
. Experiment
f= Hz p f=2000Hz
200 500 200 000
L s, F Y . - 1 ‘\
i s, y s 3 '
L ,*,‘ Y % 4 ’; “l
— 100f 4, ~100f 3 y oy
g 1, N 1 4 A
5 %, S U T
ﬁ 0 K ﬁ 0% \ \ IS :
O :‘\\1 ‘e Q f‘a 1 ‘f kY Y
g I -, 1, g kY % % }
£ %, ~, £ I s Y y
-100F S -100F ¥ 'y \ \ iy
F » " oA 1 i . 4
F L) L, Y 1 Y $ &
i %, s FoA e E \ A
L PN TR T WY TN TR TR (NN SRR TN TN SR (N TR S SN S | TR W T T N T PR NN ST SN TN TN NN S T SO S |
-2005 02 04 06 o8 29 02 04 06 08
x(m) x(m)
f=1000Hz f=2500Hz
200 200
C *, . Lot B 4 3 . 1
i ! L A U T T
~ 1001 *, " ~100Fr % i % s L4
L 'y . %) L a s . a 1 .
& i R . 3 toos 1 . i 5 '
5 | A - A O O L T
9 [ . 5} F 1 * [ % H R
= Ok ", ' N S O T T T
R 7 A U T O S
IV N ™, o S W W R S T
-100:‘ . ':., -100:—3: 4 Y | ! A{
: ."\\ [y : .‘.A ‘i. |} ..l N Aﬁ
2000204 06 o8 20770204 06 08
x(m) x(m)
f=1500Hz f=3000Hz
200 200
I . Y [ [ . I Y 4
X 3“ [y -A‘ 1 1A ,‘ Q, :
by Y 4 4 .: % f‘ N
2 100F 3 5 k LU S W S S S
3 i 3, . 9 Loy 4 B s
Ogb r lﬁ. .}. go r . -“ 1‘. :. ‘A by
S of Y 'y 1 g oF ot % ”. yod
% :‘5 ‘g‘ .". .A'A % :A‘. Q‘A "‘. A’. % .- ‘.
£ ook : - SO T T T
-100f 4 s t o 1] S O O S
[ : B A T T
Y % % NS % ¥ EO
YN SN SN T (N SN TN TN N [N TN SN TN SN NN T SO N T | IR TR SR N (N SN TN TN AN [N TN TN TN SN N TR SN S S |
-2004 02 04 06 o8 200 0.2 0.6 08
b) Xx(m)
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Fig. 5 Comparison of the numerical solution with the experimental result at test frequencies with a zero mean flow: a) SPL along the upper (hard)

can take an alternative approach that leads to the same result by
using a stable no-slip time-domain impedance boundary condition
and the fact that as the boundary-layer thickness approaches to zero

the no-slip impedance boundary condition gives a limiting result of
the combination of PDC and slip condition.?”-?®

3. Hard-Wall Boundary Condition

The hard-wall boundary condition is applied at the upper wall. A
ghost point is introduced right above each of the node at the upper
boundary in implementing the condition dp/dy =0 at y =h. The
hard wall can also be treated as a special case of the acoustically
treated wall with R(w) = X (w) = oo. In such a case, the adoption

of either PDC or PVC does not make a difference, that is, Egs. (6)
and (7) are equivalent.

4.  Numerical Scheme

The two-dimensional linearized Euler equations are numerically
solved with a fourth-order seven-point-stencil optimized upwind

dispersion-relation-preserving scheme.?® The spatial coefficients for
both the interior and the boundary points are the same as those listed
in Ref. 29, whereas the temporal coefficients are from Ref. 30.

C. Comparison with the Analytical Solution

The semi-infinite impedance duct problem with only the least
attenuated mode is used to test the numerical methods presented
above. The domain of interest starts at x = 0 and ends at x =0.8382,
for which we use 216 grid points in the x direction and 14 grid points
in the y direction with uniform spacings Ax and Ay. The PML
boundary conditions with and without incoming waves are imple-
mented in 10 vertical x layer left to x =0 and 20 vertical x layers
right to x =0.8382. The time step is chosen such that CFL = 0.05
for Ax, where CFL is the Courant—Friedrichs—Lewy number. The
parameters X_; and X, for the reactance X are selected such that
the specific impedance Z =4.99 4 0.25i is satisfied for the test fre-
quency given earlier. We have conducted a grid-dependence study,
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which shows that a converged solution is achieved with the preced-
ing spatial and temporal resolutions. The calculation is started with
all of the acoustic variables being zero everywhere in the compu-
tational domain and is terminated when the solution has become
periodic. It takes about 90 s of CPU time and 1.2 MB of memory on
a personal computer with an Athlon XP 1800+ CPU at 1533 MHz
and 512-MB PC2100 DDR memory.

In Fig. 2, we compare the numerical solution with the analyt-
ical solution for the zero mean flow case. Shown in Fig. 2a is a
comparison on the sound pressure level along the hard wall. It can
be seen that the numerical solution coincides with the analytical
solution described by a straight line very well even near the exit
of the computational domain. Figure 2b compares the phase along
the hard wall, where the phase is relative to the inlet point on the
hard wall and has been converted into the range of [—180 deg,
180 deg]. Again, the agreement between the numerical solution
and the analytical solution is excellent everywhere in the computa-
tional domain. Specially, the excellent agreements near the exit sub-

136 f=500Hz
134f ;
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stantiate that the PML boundary condition indeed introduces little
reflections.

With a sheared mean flow M (y) =1.2(y/h)(1 — y/ k), the com-
parisons between the analytical and the numerical solutions are
given in Fig. 3. As we can see, an excellent agreement between
the two solutions is achieved.

By benchmarking our numerical methods with the analytical so-
lution, we conclude that our numerical methods are accurate and
reliable under the physical conditions and configurations in the test
problem. In the next section, we are going to apply our numerical
methods to the NASA impedance duct configuration.

III. Validation with Experimental Data

A. Experimental Setup

The experimental data from the Flow-Impedance Test Labora-
tory of NASA Langley Research Center’! are used to validate our
numerical methods. The duct configuration for the experiment is
shown in Fig. 4, where acoustic treatment is applied only in the
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Fig. 6 Comparison of the numerical solution with the experimental result at test frequencies with a mean flow profile assumed as
M(y)=1.2(y/h)(1—y/h): a) SPL along the upper (hard) wall and b) phase along the upper (hard) wall (continued).

middle section of the lower wall while all of the rest of the walls are
hard wall. The liner impedance Z,,; and exit impedance Z.y; were
experimentally measured at each test frequency f = w/2m and are
listed in Table 1. An incoming acoustic wave of each test frequency
is supplied at the inlet, and its amplitude is adjusted such that the
numerical result best matches the experimental data at the duct inlet
for each test frequency.

B. Numerical Results and Comparison with the Experimental Data
The NASA Langley flow-impedance tube problem is solved nu-
merically by the numerical methods introduced in Sec. II.B. For the
zero mean flow cases, both the PML boundary condition and the
impedance boundary condition with the specified exit impedance
Z.xi are considered for the exit boundary condition. The grid and
time step used for both the cases are the same as for the verification
problem except that for the latter case the vertical x layers right to
the domain of interest are not needed, which correspondingly re-
duces the computational cost. The numerical results of SPL and the
phase along the upper hard wall are shown in Fig. 5 for all of the

Table 1 Impedance on the wall and at the exit

Zyall Zexit

f,Hz R X R X

500 0.41 —1.56 1.077 0.008
1000 0.46 0.03 0.966 0.042
1500 1.08 1.38 0.935 —0.047
2000 4.99 0.25 1.094 —-0.070
2500 1.26 —1.53 1.074 0.127
3000 0.69 —0.24 0.852 0.008

test frequencies, where PML and specified impedance denote the
boundary conditions used. As we can see, the agreements between
the numerical results and the experimental measurements are in gen-
eral very good. Note that when the PML boundary condition is used
at the exit, there is virtually no reflection at the exit. The reflection is
apparent when the specified impedance condition is used at the exit.
However, because the reflection at the exit is small (small reflection
coefficient) for all of the test frequencies the difference between



ZHENG AND ZHUANG 313

the numerical solutions with the two different boundary conditions
at the exit is insignificant except for the case of 2000 Hz. For this
case, there is a small discrepancy between the two numerical results.
Figure 5 shows that the agreement between the numerical solution
and the experimental data improves as the frequency increases. The
reason for the improvement could be that the reflections at both the
inlet and the exit are minimum at higher frequencies. Therefore the
PML boundary conditions used are more adequate for these cases.

For the cases with a mean flow, only the PML boundary condition
is applied at the exit. Because an accurate mean flow profile is
not available, we assume the profile as M (y) =1.2(y/h)(1 —y/h)
for the nominal Mach number 0.3. The same measured impedance
parameters for the liner in Table 1 are used. The results are compared
with the experimental data in Fig. 6. Again, the agreement between
the numerical solution and the experimental data is very good for
both the sound pressure level and the phase.

IV. Conclusions

A time-domain computational-aeroacoustics (CAA) code for duct
acoustics is developed with a time-domain broadband impedance
boundary condition. It is tested against the analytical solution of
a semi-infinite impedance duct problem and the experimental data
from the NAS A Langley flow impedance tube facility in the presence
of a sheared or zero mean flow. The results show that the CAA code
can accurately predict duct acoustics in terms of both amplitude and
phase.

We have tested only the numerical methods for single frequen-
cies because both the analytical solution and the experimental data
are available only for single-frequency cases. However, because the
system of linearized Euler equations and the boundary conditions
are linear, a series of tests at discrete frequencies representing the
spectrum in a certain range should reasonably be equivalent to a
broadband test in the same range. Because time-domain methods
are able to handle broadband sound sources in one single simula-
tion, the CAA code developed here can be used effectively as a
noise prediction system for turbofan engine inlet ducts and turbo-
machinary. In addition, it can be used for impedance eduction when
incorporated into an optimization process.
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